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Abstract. We investigate the dynamics of two qubits state through the Bloch chan- 
nel. Starting from partially entangled states as input state, the output states are more 
robust compared with those obtained from initial maximally entangled states. Also 
the survivability of entanglement increased as the absolute equilibrium values of the 
channel increased or the ratio between the longitudinal and transverse relaxation times 
P3 ' gets smaller. The ability of using the output states as quantum channels to perform 

2 . quantum teleportation is investigated. The useful output states are used to send in- 

^H' formation between two users by using the original quantum teleportation protocol. 
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1. Introduction 

Nowadays information can be stored, transmitted and manipulated by qubits. The most 
important kinds of qubits are the entangled ones. Although it is possible to generate 
useful entangled states for quantum information purposes, decoherence processes result 
in shortening their survival. This, in turn affects efficiency of performing such tasks as 
in quantum teleportation [H [2] . So, finding a robust scheme for quantum information 
tasks is very important [3]. 

Decoherence represents an inevitable process which causes entanglement to be 
fragile. There is a new kind of decay called the death of entanglement resulting from 
classical noise has been discussed recently [U |5l [6]. In reality there are several ways 
causing the indescribable decoherence. For example, the interaction of qubits with its 
surroundings [7j, device imperfections [HI E], the decay due to spontaneous, emission 
and the noisy channel |10j . 

So, investigating the dynamics of entanglement in the presence of decoherence is 
one of the most important tasks in quantum computation and information. In the 
present work, we examine some intrinsic properties of the dynamics of a two qubit state 
passing through Bloch channels. The decoherence of entanglement and information in 
these types of channel has been investigated [11], |12], where, the case of only one qubit 
passing through the Bloch channel is studied. In our contribution, we assume that there 
is a source that supplies us with a two qubit state. One qubit is sent to the user, Alice 
and the second qubit is sent to Bob. Then the two qubits are forced to be sent through 
the Bloch channel. Our study focus on the properties of the output state from different 
directions as we shall see later. 

The paper is organized as follows: In Sec. 2, the evolution of a general two-qubit state 
passes through Bloch channel is examined analytically. Sec. 3 is devoted for numerical 
calculations, where the survival degree of entanglement is quantified and the phenomena 
of the decay and sudden death of entanglement are examined. Use the output state for 
quantum teleportation is studied in Sec. 4. Finally, a conclusion is given in Sec. 5. 

2. The Model 

The characterization of the 2-qubit states produced by some source requires 
experimental determination of 15 real parameters. Each qubit is determined by 3 
parameters, representing the Bloch vectors, and the other 9 parameters represent the 
correlation tensor. Analogs of Pauli's spin operators are used for the description of the 
individual qubits; the set o"i,o"2,cr3 for Alice's qubit and Ti,T2,T2, for Bob's qubit. Any 
two qubit state is described by [131 El tlH] , 

Pab = \il + A- a^ + B ■ r^ + a ■'~C ■ T^), (1) 

where a and r are the Pauh's spin vector of the first and the second qubits respectively. 
The statistical operator for the individual qubit are specified by their Bloch vectors. 
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A = (d-'^ and B = (|r). The cross dyadic ^C is represented by a 3 x 3 matrix, it 

describes the correlation between the first qubit, pa = trb{pab} = |(1 + A ■ a ) and the 

second qubit pb = tra{pab} = |(1 + B ■ r ). The Bloch vectors and the cross dyadic are 
given by 

_^ / Cii Ci2 Ci3 ^ 

A={Ai,A2,A3), B = {B,,B2,B3), and^C = C21 C22 C23 (2) 

\ C31 C32 C33 J 

Let us consider that each qubit is forced to pass in a Bloch channel. These channels 
are defined by the Bloch equations [H], for the first qubit, 



— (as), = - — (((T3), - (0-3),^), (3) 

while for the second qubit, they are given by 

Jt ^^'^* " ~ Tl^^^^'^* ~ ^^'^^^^' ^^^ 

where Tu and T2J, i = a,b are the longitudinal and transverse relaxation times for 
Alice and Bob's qubit, and (cts) , (ts) are the equilibrium values of ((T3), and (rs), 
respectively. Now, we assume that Alice's qubit pa and Bob's qubit pb pass in the 
channels ([3]), and (jl]) respectively. Then the output state of the two qubit is defined by 
their new Bloch vectors 

A{t) = (AiA, - AA2, 71^3 + (1 - 71) W3)J, 

B{t) = (/325i, - 132B2, 72^3 + (1 - 72) (rs),,). (5) 

In addition we present new correlation tensor 

Cn{t) = (3i(32Cn, Cu{t) = -Cu(3if32, 
Ci3{t) = /3i72Ci3 + /5i(l - 72) (^3),, A,, 
C2i{t) = - Ci2/9i/?2, C'22(t) = C22A/52, 
C23{t) = - A72C23 - /3i(l - 72) (rs),, A2, 
Csiit) = /?27iC3i + m - 71) (^3),, 5i, 

C32{t) = - /3271C32 - /52(1 - 7l) (^3)e, ^2, 
C'33W = 7l72<^33 + (1 - 7l)(l - 72) (^3)^, {T3)^g 

+ 7l(l - 72) (r3)e, ^3 + 72(1 - 7l) {(^3)eg ^3, (6) 

where 7^ = exp{ — ^}, Pi = exp{ — i^}, and i = a,b. 

Before starting our investigation, it is important to shed some light on the positivity 
of the Bloch channel. A quantum channel, Bt has the positivity property if (z) Bt{p} is 
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positive, (ii) trBt{p} = tr{p} and (ii) Bt®lN is positive. The latter property guarantees 
that the channel Bt is completely positive, see for example [16]. The conditions (z), and 
[a) are satisfied directly for the Bloch channel, while for the third criteria, the channel 
is completely positive if the following inequalities are satisfied for each qubit, 

2A + W o ^ v^iEMn ^ 

^^>7^^)TF' ^^< — 4 — ('-^^)' 

12>—, — ; , P2 < — 1 — 72 • ' 

Now, we investigate some properties of the output state by considering a class of 
maximally entangled states and partially entangled states. These two classes can be 
driven from a class of a generic pure two qubit states. 

3. A generic two-qubit pure state 

The generic two qubit pure state,pp is defined by, 

A =(0,0,p), 5 = (0,0,-p), 
Cii = — q, C12 = Ci3 = 0, 
C21 = 0, C22 = —q, C23 = 0, 

C31 = 0,^32 = 0, C33 = -l, (8) 

where < p < 1 and q = a/1 — p"^- This class of states represents the Bell states for 
p = and q = 1 and a product state for p = 1 and g = 0. The degree of entanglement 
for this class is given by its concurrence J17j. By using the initial Bloch vectors A and 
B in equation (jS]), one gets the new Bloch vectors for the output state as, 

l(t)=(0,0,p7i + (l-7i)(^3)J, 

5(t) = (0,0,-p72 + (l-72)(r3)J. (9) 

Similarly, by using the initial non zero elements of the correlation tensor from ([8]) in 
Eq.®, one gets, the new elements of the correlation tensor as, 

Cu{t)= -g/3i/32, C22{t) = -q(3i(32, 

Cssit) = - 7l72 + (1 - 71) (1 - 72) (C^3)e5 ^^3)eg 



+ P 



7i(l-72)(cr3)ea-72(l-7i)(r3),„ . (10) 



I eq '^ \ ' J-/ \ J/ eg 

^out 



Now, we study the separability of the p°"* which is defined by its new Bloch vectors 
([9]) and the non-zero elements of the correlation tensor fITOl) . To do this, we apply the 
partial transpose criterion PPT, where the state is separable if its partial transpose is 
nonnegative [18]. The output state, p°"* is entangled if it violates the PPT criterion 
which is given by 

PPT = P11P44 - P23P32 > 0, (11) 
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where 

(1 - 7172) + (1 - 71) W3)eg + (1 - 72) (r3)eg + T 
(71 - 72) + 7l(l - 72) (C^3)eg - 72(1 - 71) {n)eg^ 
;i - 7172) - (1 - 7l) {(^3)eq - (1 - 72) (r3)eg + T 
-(71 - 72) + 7l(l - 72) (^3)eg - 72(1 - 7l) {r3))eq 
(1 + 7172) - (1 - 71) ((^3)eg + (1 - 72) (r3)eg - T 
(71 + 72) - 7l(l - 72) (ff3)eg + 72(1 - 7l) (^3)egj 
(1 + 7172) + (1 - 7l) (^3)e, - (1 - 72) (r3)eg - T 
-(71 + 72) + 7l(l - 72) (a3)e, - 72(1 - 7l) (r3)ej , (12) 

r=(l-7l)(l-72)(^3)e,(T3)e,- 

To quantify the amount of entanglement contained in the entangled states, we use a 
measure introduced by Zyczkowski et. al [19]. This measure states that if the eigenvalues 
of the partial transpose are given by A^, i = 1,2, 3, 4, then the degree of entanglement, 
DOE is defined by 

4 

D0E = J2\M-'^- (13) 
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3.1. Maximally entangled states 

This class of states is obtained from the input state (jHD for p = 1. In this case the output 
state is defined by its Bloch vectors, and the non-zero elements of the correlation tensor. 

Ait) = (0, 0, (1 - 7i) {as), ^), Bit) = (0, 0, (1 - 72) (ts),,) , 

Cnit) = C22it) = -q(3i(32, 

C'isit) = r + 7i(l - 72) ((Tg)^^ - 72(1 - 7i) (rg)^^ - 7i72. (14) 

Now, we examine the separability of the output state ( IT4|) . To do this, we plot the partial 
transpose criterion, PPT for some fixed values of (t^) = —0.5 and a, = Tij/T2j = 2.5, 
and for different values of the {cs) . Fig.(l) shows that for small values of {cs) , 
the output state flT^ turns into a separable state quickly. However as the absolute 
equilibrium values of the first qubit, (crs)^^ increase the entangled time, the time in 
which the state is entangled, increases. In other words, the output state (TT^ is more 
robust for large values of (era) . 

The PPT criterion is examined for large values of the absolute equilibrium values of 
the second qubit, where we consider (t^) = 1. In Fig.2, the long living entanglement 
is observed, where the robustness of the output state ( TT4l) is much better than that 
depicted in Fig.l. Therefore, by increasing the absolute equilibrium values of the two 
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Figure 1. The PPT criterion for the state ([Tl)) . where p = 0, (ts) — —0.5, ai = 
Tu/T2i = 2.5 and (cra}^^ = 1,0.9,0.8,0.7,0.5 for the sohd, dot, dashed-dot, small-dash 



and long-dash curves respectively. 
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Figure 2. The same as Figl, but for (t^)^ = 1. 



qubits, the living time of entanglement and the robustness of the output state are 
increased. Furthermore, the phenomena of entanglement-breaking, where the entangled 
state evolves to a separable state, is observed as one decreases these absolute equilibrium 
values. 

Now, we investigate the effect of the equilibrium values on the survival amount of 
entanglement for the output state flT^ . For the numerical calculations we consider the 
case where (t^) = —0.5, a^ = ^, i = 1,2. Fig. 3, shows the dynamics of entanglement 
for different values {crs)^^. For small values of {cs) , the degree of entanglement decays 
faster and the entangled time decreases. On the other hand, the decay of entanglement 
is smooth and the time of living entanglement increases for larger values of {cr^) . 

The dynamic of entanglement for different values the parameter a^ is shown in 
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Figure 3. The degree of entanglement where the parameters are the same as Figl. 
while (r3}gg == 1. 
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Figure 4. The degree of entanglement for different values of the ratio between the 
longitudinal and transverse time a^. The parameters are {(Ts) = 1, (ts)^ = —0.5 
and ai — 2.5,0.5,0.33,0.25 for the long-dash, solid, dash-dot , and dash-dash curves 
respectively. 



Fig. 4. It is clear that as a^ increases, i.e the longitudinal relaxation time is larger than 
the transverse relaxation time for both qubits, the entanglement decays much faster as 
compared with in Fig. 3. Moreover, the phenomena of the sudden death of entanglement 
is observed [H [5| . 



3.2. Partially entangled states 

In this section, we consider a class of non-maximally entangled states. In our calculations 
we consider a class of partially entangled states with p = 0.5. Also, we investigate the 
dynamic of PPT criterion and the degree of entanglement, where we use the same values 
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Figure 5. The same as Fig.(l), but for a partially entangled state. 
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Figure 6. The same as Fig. (3), but for a partially entangled state. 



of the channel parameters. 

Fig.5, shows the effect of the equihbrium values on the PPT criterion of the output 
state, where the possibility of considering the Bloch channel as an entanglement-breaking 
channel decreases and the time of entangled increases. Comparing Fig.l with Fig.5, we 
can see that starting from a partially entangled states the output state is more robust 
than starting from a maximally entangled state. This means that, the separability 
and entangled behavior of the input entangled state, not only depend on the channel 
parameters but also on the structure of the input state. 

In Fig. 6, we investigate the dynamics of the entanglement for fixed values of (ts) 
and Qij, and for several values of (cs) . The general behavior is the same as that shown in 
Fig. 3, but the entanglement decays more smoothly and disappears gradually. Therefore 
the phenomena of sudden death of entanglement does not show for this class of states. 
Comparing Fig. 3 and Fig.6, shows the time of the lived entanglement is much larger 
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for partially entangled state and the entanglement vanishes gradually. So maximally 
entangled state is more fragile than partially entangled state. 

4. Teleportation 

In this section, we examine whether the output state can be used as a quantum channel 
to achieve teleportation or not. For this task, we use Horodecki's criterion |20], where 

any mixed spin ^ state is useful for teleportation if trV^C "^C > 1. By using this 
criterion, we find that, the output state which is defined by (jH]) and flTUl) is available for 
quantum teleportation if the following inequality is obeyed 



Telp = 2q'PlP', + [(1 - 7i)(l - 72) (^3),, (ts),, 

+ P (71(1 - 72) (T-3)eg - 72(1 - 7l) (^3)egj " 7l72]^ > 1- (15) 



Fig. 7a, shows the behavior of the teleportation inequality (fTSll for the output state (fT4l) . 
It is clear that as the absolute equilibrium values increase, the possibility of using this 
channel for quantum teleportation increases. As an example for (cr^) = 1, the time 
interval in which the teleportation inequality obeyed is [0,25.2], while it is [0,23.1] for 

(^3)e, = 0.5. 

In Fig. 76, we plot the teleportation inequality for the output state with p = 0.5, i.e 
the partial entangled class. In general, the behavior of the teleportation inequality is 
the same as that depicted in Fig. 76, but the time to use the state as a quantum channel 
to perform teleportation is larger. As an example, for {(y-^) = 1 the teleportation 
inequahty is obeyed in the time interval [0,30.9]. This is due to that the output state 
for a system prepared initially in a partially entangled state is more robust than that 
obtained from a system initially prepared in a maximum entangled state. 

At this end, we achieve the quantum teleportation by using the output state as a 
quantum channel. Assume that Alice is given an unknown state defined by its state 
vector 

|*) = Ai|0) + A2|l), (16) 

where Xf + X^ = 1. Now she wants to sent this state to Bob through their quantum 
channel. To attain this aim , Alice and Bob will use the original teleportation protocol 
[2T] . In this case the total state of the system is p^ ® p°"*, where ip is given by ( TT6l) and 
pOut jg clefined by ([9]) and (TTOl) . Alice makes a measurement on the given qubit and her 
own qubit. Then she sends her results through a classical channel to Bob. As soon as 
Bob receives the classical data, he performs a suitable unitary operation on his qubit and 
gets the teleported state. If Alice measures the Bell state, |0^)(0^| = :45(|00) + |11)), 
then the final state at Bob's hand is 

PBob = r?i|0)(0| + r]2\0){l\ + r/3|l)(0| + Va\1){1\, (17) 
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Figure 7. The teleportation inequality (|T5)) . where the parameters are the same as 
Fig.l. (a)for the maximally entangled state and (b) for the partially entangled state. 
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Aip(l + As{t) - B,{t) - ^33^) + |A2p(l - A,{t) + B,{t) + C,,{t)) 

AiA;(C'n(t) - C22{t)) + KMCiiit) + C22{t)) 

AiA*2(C'n(t) + ^22^) + AtA2(C'n(t) - C'22(t)) 

Ai|2(l + A^{t) + B,{t) + ^33^) + |A2p(l - i3(t) + m) - Cssit)) 



The fidehty, F, of the teleported state is 

F = lAilV + AiA;r/2 + AtA2r73 + \X2\^m. (19) 

In Fig. 8, we plot the fidehty of the teleported state at Bob's hand. When the 
maximally entangled state is used as a quantum channel between Alice and Bob, the 
fidelity of the teleported state is shown in Fig. 8a. It is clear that, the fidelity decreases 
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Figure 8. The fidelity for (a) Maximally entangled state and (b) Partially entangled 
Stat, where (o's}^ — 1,0.8,0.5. f 
ai — 0.5, Ai = 1 and (T3) = —1. 



Stat, where {(Js) — 1, 0.8, 0.5. for the solid, dash-dot and dot curves respectively, with 



as one increases the absolute equilibrium values. This is due to the decay of the degree 
of entanglement. On the other hand, since the entanglement survives for a long time, 
the output state can be used to achieve quantum teleportation for a long time. Fig. (86), 
shows the behavior of the fidelity of the teleported state when the output state with 
p = 0.5 is used as a channel. The teleported time, the time which one can use the 
output state as channel, increases and the fidelity is better than that shown in Fig. (8a). 



5. Conclusion 

In this contribution, we have investigated analytically the dynamics of a two-qubit state 
passes through a Bloch channel. We have discussed the influence of the Bloch channel's 
parameters on the separability and entangled behavior of the output state. The results 
show that, the robustness of the entangled qubit pairs increases as one increases the 
absolute values of the equilibrium parameters or decreases the ratio of the longitudinal 
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and transverse relaxation times. 

The amount of entanglement contained in the output state is quantified, where 
we have shown that it is fragile for maximum entangled states and robust for partial 
entangled states. The phenomena of the decay and the sudden death of entanglement 
are observed for these types of systems. 

Moreover the ability of performing quantum teleportation by using the output state 
is examined. It is found that for large absolute equilibrium values, the output state is 
more useful for quantum teleportation. Furthermore, the intervals of time in which 
the state is available for performing teleportation increase. The original teleportation 
protocol is performed by using the output state as a channel between Alice and Bob. 
From our results, we see that the fidelity of the teleported state increases as one decreases 
the equilibrium values of the two qubits, but the time in which the state is useful for 
quantum teleportation decreases. 
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